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Abstract: In this paper, we present a finite volume trigonometric weighted essentially non-oscillatory (TWENO) scheme to
solve nonlinear degenerate parabolic equations that may exhibit non-smooth solutions. The present method is developed using
the trigonometric scheme, which is based on zero, first, and second moments, and the direct discontinuous Galerkin (DDG)
flux is used to discretize the diffusion term. Moreover, the DDG method directly applies the weak form of the parabolic equa-
tion to each computational cell, which can better capture the characteristics of the solution, especially the discontinuous solu-
tion. Meanwhile, the third-order TVD-Runge-Kutta method is applied for temporal discretization. Finally, the effectiveness
and stability of the method constructed in this paper are evaluated through numerical tests.
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0 Introduction

In this paper, we focus on designing a finite-volume TWENO scheme to solve the scalar one-dimensional
(1D) nonlinear degenerate parabolic equations:
Wt: y/(I/V) X € [xla x,],t>0, (1)

where w = w(x, ¢) and ¥ (w) > 0. The equation (1) degenerates when ¥ (w) = 0. Parabolic equations, which are

xx9

nonlinear and possibly highly degenerate, are frequently used in various fields, including Thomson model'",
plasma collisional transport models'>' and the flow of liquids and gasses in porous media®’, and others. Unfortu-
nately, it is difficult to obtain exact solutions to such parabolic equations, so it is necessary to develop effective nu-

merical methods to obtain approximate solutions. There have been several methods to approximate equation (1), in-

[6] 7]

cluding kinetic schemes'™, local DG (LDG) schemes'®, finite volume schemes'® , finite element schemes'”, and
WENO schemes'*"' , et al. Moreover, nonlinear degenerate parabolic equations exhibit the possibility of non-
smooth sharp solutions and finite propagation velocities of wave fronts, showing hyperbolic behavior. In this study,
we are interested in developing a finite volume WENO scheme.

The WENO scheme has been extensively investigated for solving hyperbolic conservation laws. It exhibits
good properties, including conservation, high-order accuracy in smooth areas, and non-oscillatory near discontinui-
ties. Therefore, the WENO scheme is capable of solving equation (1). Liu et al.""* introduced the original WENO
scheme in the finite volume framework, which achieves k + 1 order accuracy in smooth regions. Jiang et al.'"*’ later
proposed an arbitrary 2k — 1 order accuracy WENO scheme within the finite difference scheme. Since then, various
efficient conservative finite volume and finite difference WENO schemes have been proposed for hyperbolic conser-

[16-20]

vation laws using reconstruction methods . Recently, Liu et al." firstly developed the finite difference direct
WENO (DWENO) scheme for solving equation (1). Nevertheless, the mapped nonlinear weights and negative linear
weights pose drawbacks for the proposed scheme in achieving high-order accuracy. Subsequently, Abedian et al. "
employed four small stencils to form one big stencil, aiming to circumvent the issue of negative linear weights. Abe-

"% then developed a finite difference WENO scheme based on a reconstruction framework. This scheme allows

dian
for the use of any artificial positive linear weights, as long as their sum equals one. Furthermore, Abedian et al.'""’
introduced a novel sixth-order WENO method specifically designed for solving degenerate parabolic equations. This
method incorporates exponential polynomials to enhance its performance. Jiang?'' explored an alternative formula-
tion for solving degenerate parabolic equations. This formulation relies on interpolations rather than reconstruction
and can be readily extended to higher orders. Ahmat et al.""*' proposed a hybrid finite volume HWENO scheme. In
this scheme, the DDG flux is utilized to discretize the second derivative term, and HWENO reconstruction is ap-
plied to troubled cells, while linear reconstruction is used in other regions. This innovative approach effectively re-
duces spurious numerical oscillations and improves the resolution of the solution.

Trigonometric polynomial reconstruction has made notable progress over the years. In 1976, Baron'** pro-
posed a Neville-like trigonometric interpolation algorithm. However, it was not directly applicable to the design of
high-order ENO schemes. In 1996, Christofi”®' introduced a novel local trigonometric polynomial interpolation
method. This approach allowed for the sequential addition of interpolation points to the stencil, facilitating the cre-
ation of high-order trigonometric ENO schemes. Building on this, Zhu et al.”**' developed a fifth-order finite differ-
ence trigonometric WENO scheme to solve hyperbolic conservation laws. Leveraging the same trigonometric poly-

nomial basis as in [24 ], a new fifth-order trigonometric WENO scheme'’

was subsequently formulated for hyper-
bolic conservation problems. It was also applied as a limiter in Runge-Kutta DG methods. In summary, numerical
methods relying on trigonometric polynomial reconstruction generally outperform those based on algebraic polyno-
mials, especially in complex smooth regions and near strong discontinuities.

Inspired by the concept that any artificial positive linear weights (summing to one) can be applied in WENO
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schemes''**%2¢ " we note that the new TWENO schemes' > are more robust and outperform traditional ones, of-
fering distinct advantages in handling complex problems. Unlike the DG method'?', which requires rewriting the
equation into a first-order system, the LDG method was discussed in [28]. However, both the DG and LDG meth-
ods depend on repeated integration by parts for the diffusion term. In contrast, the DDG flux'*', grounded in the di-
rect weak formulation for parabolic equation solutions with only a single integration by parts, ensures consistency
and conservativeness. Consequently, we propose a finite volume TWENO scheme that employs the DDG flux as
the numerical flux for the diffusion term in degenerate parabolic equations.

The following is the main structure of this paper. Section 1 details the construction of the finite volume trigono-

metric WENO scheme. Section 2 presents numerical test results. Section 3 gives the conclusion.

1 Finite Volume Trigonometric WENO Scheme in 1D

In this section, we investigate the trigonometric WENO scheme to solve equation (1). Assume that, we have a

uniform mesh on the [x,, x,] ,where the target cellis ;=[x ,,x ,|withawidthh=x , —x ,,and cell center
Ay Jty Jty J=3
isx,= %(x , Tx ). Then integrating (1) over the target cell S; and dividing by / obtain:

Jt5 J=3

fS%wtdx - L%‘P(w)mdx, @)

it is evident that
SR = L W (0= P (w(x 1)) ()

where

w(j1) =%f w (o, 1)do, )

S;

is the cell average. Let ¥ = ¥ (w,w,)= ¥ (w)w, We approximate equation (1) by the following conservative
scheme:

Y s, ©)

we refer to ‘:” cand ¥ | as the numerical fluxes. In this paper, we consider the DDG flux for the diffusion term.
ity J= 3

Readers can refer to reference [29 ] for more detailed information regarding the DDG flux with various coefficient
selections. We will adopt the following notation for this flux:
[#(

=¥ (w) = a, I TG om0, ©)

where [w]=w" — w’,w=(w" + w)/2 and the numerical flux ¥ at the x , is conservative. To obtain the numerical
ity

fluxes in equation (6), we need to reconstruct w* ,, (w,)* , and (w, )" ,. Now, we describe the reconstruction
Jt3 it ity

procedures ofw;+ 1 (w, );+i and (w,, );+ It

Step 1 Chc:ose a big2 stencil &, =2{S,._2, S S, S, S_/+2} and reconstruct a quartic trigonometric polyno-
mial p,(x) € span {1, sin(x - x;), cos(x — x;) — sin(%)/%, sin(2(x —x;)), cos(2(x - x;)) — %(h) }, which
satisfies

%fx,”ﬁpo(x)dx:w,ﬂ, [=-2,-1,0,1,2. )

On the stencils &, ={S, |, S;} and &, ={S, S;.,}, we reconstruct two linear trigonometric polynomials

pi(x), p,(x)e span{l, sin(x - x_,)}, which satisfies:
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1 Yot _
ﬂx P = I=-1,0,

ji-

—_— ) ®)
il e 1=0,1

Let p,(x) form =0, 1, 2. The derivative of p,,(x) with respect to x is denoted as dp,, (x) = dp,/ox whenm =0, 1,
2. Since it will be used later, the second derivative of p,(x) is denoted as ddp,, (x) = #p,,/0x*(m = 0, 1, 2).

Step 2°°' The trigonometric polynomial p,(x) and dp,(x) are rewritten as:

90 (x) +y.p,(x),

po(x)zyo( po(x)_*pl(x)_*pz(x)
)
+7.dp,(x) + 7,dp, (x),

dpo(x) = yo(dm(x) - o g (x) = Zdp,(x)
Yo Va! Yo

the equation (9) is satisfied by any positive linear weights y,, y,, 7,, provided that y, + y, + y, = 1.

Step 3 To measure the smoothness of functions p, (x) for m =0, 1, 2 within the target cell S;, we compute
the smoothness indicators S, for m =0, 1, 2. These indicators are defined in a specific manner, as detailed in refer-
ence [15]:

po=S0 | l(dp'”(")) dr, (10)

where m=0, 1,2, n=4form=0whilen=1form=1, 2.
Step 4 To introduce nonlinear weights w,, @, and w,, we first measure the absolute difference of smoothness
indicators as = = ((|8, — B:| + |B, — B,)/2)* and the nonlinear weights w,, are defined as:

@, = 2 _ @y = Vi + ( +
zlfow et b
=0y

where ¢ represents a small positive number, which is introduced to prevent the denominator from becoming 0. In

), m=0,1,2, (11)

this paper, for the purpose of our computation, we simply sete=10".

Step 5 We replace the linear weights in (9) with nonlinear weights (11), obtain the approximation of w(x~ |,
Jj+

2
t)’ WX(;(T ]at)andwxx('( lat):
) )

2

S

- 1
L= o0 po(x, 1) fpl(x_ D-Cp(x NHep(x )Fop(x ),
> Vo /*2 70 ‘/+2 ;/+2 Jt

i+ 2
_ 1
(W) 1 = oy(—dpy(x l)_*ldpl(x, i)_&dpz(x_ l))+w1dp1(x. l)"'wzdpz(x ) (12)
Yo AR Yo AN A A I

(Wxx):+l = ddpo(x/_+l)~
3 .

2

|
)
|

Finally, after completing the spatial reconstruction, for time discretization we will use the third-order total
variation diminishing Runge-Kutta (TVD-RK3) method '
w = w" + AtL(w"),

3 1 s
@ =2 W )
w = %w" + %w(z) + %AtL(wm),

2 Numerical Tests

In this section, we present the numerical results of the finite volume TWENO scheme described in the previ-
ous sections for one dimensional nonlinear degenerate parabolic equations. For stability, we choose the time step

for 1D problems:



20 Journal of Xinjiang University (Natural Science Edition in Chinese and English) 2026

utf(w), =¥ (W), (14)

’ T!
max|§l’ (w) | + max| (W)| ) with CFL = 0.3, and we use the Lax-Friedrichs flux for the convec-

as At = CFL/( 7
tion term. Furthermore, we take into account numerical methods for comparison: the current TWENO scheme, the
DWENO scheme'™, and the MRWENO scheme'?"” .

In the following accuracy tests, we give the L”, L' and L* norm errors as follows:
L”error = max (|w] — wi™),

2 (wi = w™)

L' =
error N+l (15)
z (|W/z _ W§xact|2)
2 — J J
L* error N1 ,
and the convergence order is defined as:
order = log, ( Ex ). (16)
EZN

Example 1 We consider the linear diffusion problem in the following form:
w,=w,, xel-rnr]. (17)
The initial condition for this problem is given by w(x, 0) = sin(x) and the boundary condition is periodic. The

analytical solution is w(x, ¢) = e"sin(x). The numerical errors and convergence orders at time ¢ = 2 are presented in
Table 1.

Table 1 TheL”, L', and L* norm errors and convergence orders for Example 1

N L” error order L' error order L? error order
10 1.01x10* - 6.52x10° - 7.41x10° -

20 1.59x10° 5.98 1.02x10° 5.99 1.13x10° 6.03
40 2.49%10%® 5.99 1.58x10* 6.00 1.76x10% 6.00
80 2.18x10? 6.00 1.39x10° 6.00 1.54x10° 6.00

Example 2 We simulate the 1D PME (m > 1):

w,=(w") , (18)
the Barenblatt solution of (18) is given as:
1
a s\ T
Bm(x,t)zt’k[(l —"(”;m”'f')] L om> (19)

with k£ = 1/(m + 1) and w, = max (w, 0). The initial condition of this problem is obtained by deriving from the
Barenblatt solution when ¢ = 1, and the boundary condition is w(+6, ) = 0.

In Figure 1, we plot the results of PME for different values of m using the DWENO, MRWENO and TWENO
schemes with N = 200. We can clearly see that the TWENO method behaves much better compared to the other
methods at the degradation points.

We focus on simulating the collision of two initial boxes with the same heights when m = 5 in equation (18).
The initial condition is given by :

1, xe(-3.7,-0.7) U (0.7,3.7),
w(x,0) = ) (20)
0, otherwise.

In Figure 2, we show the results at different time levels for the three schemes with N = 180. Additionally, Fig-
ure 3 compares the results at £ = 0.3 for the DWENO, MRWENO, and TWENO schemes with N = 180. We can
clearly see that the TWENO scheme performs well. In all our computations, the reference solution is computed us-
ing the HWENO scheme'™?' with N =2 000 grid points.
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Figure 1 Barenblatt solution for PME in Example 2
10 t= 10 t=03 10 t=0.6
w 0.5 w 0.5 w0.5
0 0 I
-5 0 5 -5 0 5 == 0 5
X X x
10 =09 10 t=12 10 t=15
w05 f w 0.5
0 . 0
-5 0 5 -5 0 5

Figure 2 The two-box problem with the same heights at different time

Next, we consider the collision of two initial boxes with different heights when m = 6 in equation (18). The
initial condition is as follows:
1, xe(-4,-1),
w(x,0)=432, xe€(0,3), (21)
0, otherwise.
In Figure 4, we show the results at different time levels for the three schemes with N = 180. Moreover, Figure 5
compares the results at £ = 0.12 for the DWENO, MRWENO, and TWENO schemes with N = 180. We can clearly
see that the TWENO scheme performs well, while the results of the DWENO and MRWENO schemes are oscillatory.
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1.0
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041
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Figure 3 The two-box problem with the same height at #=0.3 in Example 2

, i=0 . 1=0.06 5 1=0.09
w1 w1
0 s 0 5
2 2
w1l w1 w1
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Figure 4 The two-box problem with the different heights at different times
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—“=TWENO
—Reference

wlt
N
0 b
-6 -4 -2 0 2 4 6

X

Figure 5 The two-box problem with the different heights at 7= 0.12 in Example 2

Example 3 Now, we consider the nonlinear Buckley-Leverett equation, which can be used to model two-

phase flow in oil reservoirs. The equation is given by:

wt+f(w)x=e(v(w)wx)x, ev(w) =0, (22)
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we define the functions as follows:

Sfw)=

WZ

m, viw)=4w(l - w), (23)

and we set ¢ = 0.01. In this example, we will simulate the solution to this problem with the fluxes (23) and the fol-

lowing initial condition:

1 - 3x, OSxS%,
w(x,0) = | 24)
0, §<x<1,

with the inflow and outflow boundary conditions. Figure 6 compares the results at t = 0.2 and ¢ = 0.5 for DWENO,
MRWENO, and TWENO schemes with N = 200, indicating that the numerical result of the TWENO method can

converge to the entropy solution.

1.0 1.0
—&— DWENO ——DWENO
—*— MRWENO| —*—MRWENO
—&= TWENO —E-TWENO

08k — Reference 08k —Reference

0.6 - 0.6 -

w w
04r 0.4+
02 02}
0 i 1 1 1 1 0 [ 1 L 1 1
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
X x
=02 t=0.5

Figure 6 The numerical solution of the Buckley-Leverett in Example 3

Following this, to test the non-gravitational effects on the Buckley-Leverett equation, we consider the fluxes

(23) and initial data as follows:

0, 0<x<l—},
2

w(x,0)= { (25)
I, 1-——<x<1,

V2
with w(0, ¢#) =0 and w(1, #) = 1. We present the results of the DWENO, MRWENO, and TWENO schemes with
N =200 at = 0.2, 0.5 in Figure 7. Notice that our method can accurately solve it without oscillations, which is
more than the other two schemes.

Finally, we test the gravitational effects on the Buckley-Leverett equation with the same initial data in (25),

and with the gravitational function given as:
2
%

SO = S~ wy

Figure 8 displays the results of the DWENO, MRWENO, and TWENO schemes with N =200 at = 0.1, 0.2.

We notice that the TWENO scheme approaches the entropy solution near the degenerate point without oscillations,

(1-501-w)*). (26)

while the other two schemes exhibit smaller fluctuations.
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Figure 7 The Riemann problem of the Buckley-Leverett equation at 7= 0.2, 0.5 in Example 3

1.0 F =
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Figure 8 The Riemann problem of the Buckley-Leverett equation at 7= 0.1, 0.2 in Example 3

Example 4 As the final example, we solve a strongly degenerate parabolic equation in the form of (22) with
¢ = 0.1 and the following fluxes:
FOw) = W v(w) = 0, |w| <0.25, o7
1, |w >0.25.

For this problem, we consider the following initial condition:

1, —L—O.4<x<—i+0.4,

V2 V2
wEe0O=1 g L g4<x<l 104 (28)
V2 V2

0, otherwise,
the boundary condition is taken as w (£2, ¢) = 0. Figure 9 depicts the numerical solutions for DWENO,
MRWENO, and TWENO schemes at = 0.4 and ¢ = 0.8 with N = 280. In this test case, the TWENO scheme pro-

duces better results with a higher resolution.
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Figure 9 The numerical solution of Example 4 at7=0.4, 0.8

3 Conclusion

In conclusion, the finite volume trigonometric weighted essentially non-oscillatory scheme proposed in this pa-
per is effective for solving nonlinear degenerate parabolic equations with non-smooth solutions. Initially, we com-
bine the TWENO scheme and the DDG flux for the diffusion term, which can accurately capture the solution char-
acteristics, especially discontinuities. Subsequently, the third-order TVD-Runge-Kutta method ensures stable and
accurate temporal discretization. Finally, numerical tests show the effectiveness and stability of our method. In the

future, we may extend this approach to more complex equations or multi-dimensional problems.
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